The author derived the exact analytical expression of the instantaneous joint power in exercises with singlejoint, variable-resistance, selectorized strength-training equipment, taking into account all the relevant geometric, kinematic, and dynamic variables of both the movable equipment elements (resistance input lever, cam-pulley system, weight stack) and of the user's exercising limb. A numerical algorithm was also designed to express, in the presence of a cam, the rectilinear kinematic variables of the weight stack as a function of the rotational kinematic variables of the resistance input lever, and vice versa. Given that information, one can measure the value of the instantaneous and mean joint power exclusively by means of a linear encoder placed on the weight stack or, alternatively, only by the use of an angular encoder placed on the rotational axis of the resistance lever. The results highlight that, for knee extension exercises with leg extension equipment, the real values of both instantaneous and mean joint power may differ by more than 50% in comparison with the values obtained by taking into account only the mass and velocity of the weight stack. These differences are notable not only in explosive exercises, but also whenever considerable joint velocities/accelerations occur within the range of motion.
Power is the critical parameter in many short-duration athletic events, peak performance moments in sports, and even in some activities of daily living, particularly, in regaining equilibrium following unexpected destabilizations (Enoka, 2002; Skelton et al., 2002) . For this reason, power-oriented training is commonly included in conditioning and strengthening programs, and specific power tests are frequently adopted to monitor the effectiveness of training strategies and in assessing the actual athletic condition (Komi, 1993 , Fleck & Kraemer, 2004a . The ability of an individual to produce power is typically estimated by a whole-body task performance, such as in the standing long jump or vertical jump. However, the output of such tests only gives an estimate of the average power during the task, and the different calculation techniques (kinematic, impulse-momentum, and mechanical energy approach) may produce substantially different results owing to the assumptions associated with each procedure (Hatze, 1998; Enoka, 2002) .
The instantaneous power about a selected joint during an exercise is given by the product of the joint torque and the joint angular velocity (Winter, 1983; Enoka, 1988) . In complex multiple-joint exercises, a kinematic analysis system is used in conjunction with devices such as force platforms, which instantaneously detect the contact forces between the human body and the environment (Ingen Schenau et al., 1990) . These kinematic and contact force data are treated as the input of an inverse dynamic problem, whose solution yields the overall joint force, torque, and power. In contrast, in single-joint exercises, the instantaneous joint power can be obtained with use of ergometers designed for the measurement of the torque-angular velocity relation about specific joints. Clinical tests are generally employed by means of isokinetic dynamometers, whereby the value of the angular velocity is kept nearly constant to a preselectable value, by continuously equalizing the resistance torque to the joint torque during the movement. Of course, with today's electromechanical technologies, many other profiles of variable angular velocity (or variable torque) can be easily arranged throughout the joint range of motion (ROM). However, the availability and use of such devices is limited by both their high costs and by the different resistance "feeling" experienced by the user, as compared with free weights and other gravitationaltype resistances.
In single-joint selectorized strength-training equipment, the joint power can be inexpensively measured with a linear encoder that senses the position of the selected weight stack along its vertical path during the exercise. Typically, the value of mean power is displayed for each repetition or set of repetitions, yet with this procedure, the calculation of power requires some careful considerations. In these devices, the resistance torque is frequently modulated by a cam, a noncylindrical pulley, integral with the rotating arm of the machine against which the user exerts force. The cam and the other cylindrical pulleys redirect the cable connecting the input force lever and the weight stack. Cam profiles are in theory designed to reproduce the average user's torque curve, following the indications obtained by isokinetic dynamometer maximal tests (Biscarini, 2008) . It is the presence of the cam, and of other mobile equipment elements, that creates subtle problems in the calculation of the mean and instantaneous joint power. In fact, in addition to velocity and acceleration of the weight stack, one has to take into account the change in the configuration of the whole device during the exercise, that is, the velocity and the acceleration of any of its movable parts. Moreover, due to the presence of the cam, the joint angular velocity and the joint torque (whose product determines the joint power) do not exist in simple relationship with the kinematics and the mass of the selected weight stack.
In this work we derive the exact analytical expression of the instantaneous power w(t) in single-joint exercises with selectorized strength-training equipment, taking into account all the relevant geometric, kinematic, and dynamic variables of the movable equipment elements (force input lever, cam-pulley system, weight stack) and of the user's exercising limb. We also discuss and compare the use of a linear encoder for measuring translation of the weight stack, or the alternative use of an angular encoder for measuring rotation of the force lever, to obtain w(t) operatively, and to get an easy and cheap implementation of the present power calculation in existing equipment.
Methods
Figure 1 displays the fundamental elements of a single-joint exercise with a piece of selectorized strength-training equipment (Figure 1 ; top), together with the relevant torques, forces, and moment arms (Figure 1 ; bottom). The dynamic equations of this system can be obtained as a generalization of those recently derived by the author for leg extension equipment (Biscarini, 2008 ):
• Rotational equation of the user's exercising limb (L-system):
• Rotational equation of the mobile mechanical part of the equipment (M-system) constituted by the resistance pad (or handgrip), the cam, and the resistance lever connecting the pad (or handgrip) and the cam:
• Translational equation of the selected weight stack (W-system):
In these equations, θ is the joint angle, defined as the angle between the longitudinal axis of the exercising limb and the vertical descending reference direction; y is the upward-increasing vertical coordinate of a generic point in the weight stack. The terms m L , m M , and m W are the masses of L, M, and W, respectively; g, the acceleration of gravity; I L and I M , the moments of inertia of L and M about their rotational axes, which are assumed to be fixed and coincident with one another. The term τ J is the overall joint net torque produced by the muscles (both agonist and antagonist) crossing the joint, and by the joint reaction forces due to ligament tension and bone-to-bone contact forces. Terms R and a R are the intensity and the moment arm of the contact force R  the resistance pad (or handgrip) exerts on the limb; T and a C are the intensity and the moment arm of the cable tension T  , with the force applied at the point of detaching of the cable from the cam, and directed as the straight portion of cable connecting the cam and its first redirectional pulley. Finally, Equations (1-3) determine the cable tension T, the resistance R, and the joint torque τ J as follows: user's limb (L-system); selected weight stack (W-system); mobile mechanical part of the equipment constituted by the resistance pad, the cam, and the resistance rod connecting the pad and the cam (M-system); inextensible cable connecting the weight stack to the cam; massless and frictionless cable redirectional pulleys. θ is the joint angle. For example, in leg extension equipment, θ = 0° for 90° of knee flexion and θ = 90° at full knee extension. Bottom panel: Diagrams of L, W, and M systems displaying the weights of these systems, the cable tension T  , the force R  the rotating resistance lever exerts on the user's limb, the moment arm a C (cam moment arm) of T  , and the moment arm a R of R  . The term t J is the overall joint net torque produced by the muscles (both agonist and antagonist) crossing the joint, and by the joint reaction forces due to ligament tension and bone-to-bone contact forces;ĵ is the y-axis versor.
The joint power w = t J  u is obtained from Eq. (6)
The time-dependent y and θ coordinates can be expressed one in terms of the other by a continuous, monotonic, and invertible function y = y(θ) or θ = θ(y). The first and second time derivative of one coordinate can also be given in terms of the other coordinate and its time derivatives according to the following relationships:
Accordingly, the joint power can be expressed as a function of θ
or, alternatively, as function of y
When the cam is replaced by a circular pulley of radius r P , then a C becomes constant and coincident with r P , and y is linearly related to θ:
With this simple configuration, Eqs. (10) and (11) turn out to be
Typically, the effective portion of the cam is designed with an elliptic shape. Thus, the cam will be modeled by the equation
where a and b set the cam dimension and eccentricity, φ 0 establishes the initial (θ = 0) orientation of the cam, θ accounts for the change in the cam orientation during the exercise, x′ O and y′ O are the invariable coordinates of the center of rotation O in the coordinate system with axes (x′ and y′) and origin (C) coinciding with axes and center of the ellipse ( Figure 2 ). The first redirectional pulley is characterized by its radius r P and the location of its center of rotation P = (x P , y P ), and is represented by the equation
With this kind of geometric setting, the functions θ = θ(y) and y = y(θ) can be derived numerically by means of the algorithm reported in Appendix A.
In the following, all the terms contributing to the joint power w in Eqs. (7) and (10) are calculated numerically and compared with each other for a knee extension exercise with leg extension equipment (Technogym "Selection" equipment), in the 0° to 90° range of knee angles θ (θ = 0 for 90° knee flexion; θ = 90° at full knee extension). The θ-functions a C , dy / du , and d 2 y / du 2 for this equipment have been derived experimentally in a real sample and are reported in Figure 3 (Zatsiorsky & Seluyanov, 1983; de Leva, 1996) in young adult men (n = 100; age = 24 ± 6 years; height = 1.74 ± 0.06 m; mass = 73 ± 9 kg).
The kinematics of the exercise was modeled according to the indications obtained experimentally by the author with an angular encoder in real exercises. Such indications are in good agreement with those available in the literature (Kaufman et al., 1995) . In the great majority of cases (ranging from slow and controlled executions to explosive exercises), the dependence of the knee angular acceleration  u on the knee angle θ can be schematically reproduced by the function where n = 1, 3, 5, . . . , depending on the level of the external load, the intensity of the exercise, and the user's strength and familiarity with the equipment.
For n = 1,  u linearly decreases from  u max to −  u max as the knee is extended from 90° of knee flexion, and accordingly  u = 0 for θ = π/4 (Figure 4 ; top). In this case θ,  u , and  u are sinusoidal functions of time, and  u shows a bellshaped dependence on θ represented by the function
where
Evidently,  u = 0 for θ = 0 and θ = π/2, and  u =  u max for θ = π/4 (Figure 4 ; bottom). For n = 3, 5, 7, . . . ,  u decreases from  u max to zero (from zero to −  u max ) in the starting (final) portion of the ROM, and keeps exquisitely small values (  u ≅ 0) in the central part of the ROM, thus realizing a quasi-isokinetic condition in this range (Figure 4; top) . This isokinetic phase extends as n is increased. The corresponding trends for  u ( Figure  4 ; bottom) were calculated by solving numerically the ordinary differential equation (18) with the Maple (Maplesoft, Canada) software package.
Results
The relative contribution to the joint power of each term in the right-hand side of relation (10) may strongly depend on the joint kinematics and on the mass of the selected weight stack. (1) = a C m W g  u (labeled with 1 in Figure 5 ), which takes into account the resistance weight (m W g), and the current values of exercise velocity (  u ) and cam moment arm (a C ). The term w (1) is frequently regarded as a good approximation for w, or at least for the calculation of its mean value. This does not hold true because w (1) displays maximum (for θ = 41°) and mean values given by w (1) max = 579 W and w (1) mean = 354 W, with percentage differences of 47% and 45% in comparison with w max and w mean , respectively. Moreover, as opposed to w 1 , w takes negative values above θ = 68°; this means that the knee torque must be negative (i.e., the knee flexor torque overcomes the knee extensor torque) in this range to comply with the given kinematic profile and provide the required final joint deceleration. The difference between w max and w (1) max is mainly due, in descending order of importance, to the terms
(labeled with 2 and 4 in Figure 5 ), and to a minor and similar extent to the terms w
and w (5) = I L  u  u (labeled with 3 and 5 in Figure 5 ). In contrast, the difference between w mean and w (1) mean is only due to the terms
u (labeled with 6 in Figure 5 ), w (2) , and w (3) , given that w (4) mean = w (5) mean = 0 for the symmetry properties of the adopted profiles of joint angular velocity and acceleration. In the adopted equipment, w With a kinematic profile that mimics an isokinetic condition in the central portion of the ROM (n = 3), high resistance mass m W = 100 kg and maximum angular acceleration  u max = 1500 °/s 2 (  u max = 180 °/s,  u mean = 140 °/s, and t ext = 0.64 s), the difference between w and w (1) are mainly localized about θ ≈ 10° and θ ≈ 80°, where  u and  u simultaneously assume considerably high values (Figure 7) . The peak values w max = 1095 W and w (1) max = 897 W are still considerably different from each other (18%), whereas the percentage difference between the mean values w mean = 688 W and w (1) mean = 652 W reduces to about 5%. In a further situation, maintaining n = 3, the maximum angular acceleration is significantly lowered (  u max = 650 °/s 2 ) and the resistance mass is still increased m W
Discussion
The measurement of instantaneous and mean power during exercises with strength machines may be used to produce output data for power tests, to give feedback during the exercise, and to optimize power-oriented training strategies. Equation (7) moment arm (a C ) as determined by the shape, dimension, and orientation of the cam, and by the dimension and location of its first redirectional pulley; the masses
l ) and moments of inertia (I L , I M ) of the exercising limb and of the cam-lever system, and their instantaneous configuration, angular velocity, and acceleration ( u,  u,  u ). Of course, the entire system, comprised of the user's exercising limb, the cam-lever system, and the weight stack, has only one degree of freedom. However, owing to the presence of the cam, the functions y = y(θ) and θ = θ(y) are nonlinear and hardly predictable from the equipment geometry. As a matter of fact, the straight portion of cable D 1 D 2 connecting the cam and the first redirectional pulley changes in length and direction during the exercise, and the detaching points of the cable from the cam (D 1 ) and the pulley (D 2 ) change position in space (Figure 2) . Concurrently, even the cable D 2 D 3 wrapped to the first redirectional pulley changes in length during the exercise. The functions y = y(θ) and θ = θ(y) are not generally provided by the equipment manufacturers; therefore, they are to be obtained experimentally or, alternatively, numerically with the aid of the algorithm reported in the appendix.
When the function y = y(θ) and the inertial properties of machine components are known, one can measure the instantaneous joint power with Eq. (10) only by means of an angular θ-encoder placed on the rotational axis of the resistance lever. Likewise, given the function θ = θ(y) and the inertial properties of machine components, the instantaneous joint power can be obtained from Eq. (11) only by the use of a linear y-encoder placed on the weight stack. This latter setting, typically implemented in commercial equipment, can return unreliable data in explosive movements with low resistances. In fact, during these kinds of exercises, the selected weight stack typically reaches high velocity and, consequently, the cable could lose its tension during the joint deceleration phase, and the weight stack could continue to rise along the vertical even before the end of the concentric phase (  u = 0) of the joint movement (see, for example, Paulus et al., 2008) . This effect is progressively minimized by designing the pulley system with more and more advantageous lever efficiency (2:1, 4:1, and so on). However, this solution considerably increases the cost of the equipment, with the weight stack being one of the most expensive components.
To the author's knowledge, none of the equations and algorithms reported in the literature or built into the existing selectorized strength-training equipment takes correct account of all the contributions to joint power as indicated in Eqs. (10) and (11). Typically, the only term W m gy  is detected and used for the calculation of mean power during repetitions or sets of repetitions (Fleck & Kraemer, 2004b) . Commercial external devices for power measurements such as Musclelab (Ergotest, Norway), Ballistic Measurement System (Innervations, Australia), and Real Power (Globus, Italy) are generally designed to sense the kinematics of the weight stack by the use of a linear encoder, and may only return the terms W m g y  and W m yy   (see Bosco et al., 1995 , for the operating principles of such systems).
Figures 5 through 8 demonstrate that these methods may give rough approximations of the real values of joint power, especially with exercises involving high joint angular velocities or accelerations (Figs. 5 and 6) . It is really this kind of explosive exercise that is important in power tests and power-training programs (Wilson et al., 1993) . Surprisingly, even exercises with isokinetic dynamometers usually entail high angular accelerations in the initial and final portion of the ROM. For example, for five subjects performing a knee extension exercise with isokinetic dynamometer, Kaufman et al. (1995) reported mean values of  u max of about 1500 °/s 2 and 3000 °/s 2 at preselected angular velocities of 60 °/s and 180 °/s, respectively. Ostering et al. (1983) observed a decrease from 92% to 16% of the knee extension isokinetic range, when the preselected isokinetic dynamometer velocity, in constant velocity mode, was changed from 50 °/s to 400 °/s.
For these reasons, in general, the terms related to the exercising limb (w (5) , w (6) ) and to the cam plus input force lever (w (4) , w (7) ), as well as the effects of the cam asymmetry, cannot be neglected. The term w (7) is cancelled by adding a counterbalance to the resistance lever so that M G l = 0. This reduces the minimum value of the equipment resistance torque and may be useful for out-of-condition or rehabilitating users. However, this setting increases the moment of inertia I M and consequently the term
increases in modulus with an increase in cam asymmetry, and vanishes as the cam is replaced by a circular pulley. The term w (3) may take considerable values for even the low asymmetric cam profiles adopted in commercial leg extension equipment (Figure 3) , where the cam moment arm's percentage of variation does not exceed 20% throughout the ROM (Folland & Morris, 2008) . Actually, these cam profiles do not properly reproduce the real isometric/isokinetic torque-angle curves for the knee extensor muscles, where the torque near complete knee extension (at 90° of knee flexion) is nearly 25% (80%) of the peak torque occurring around 60° of knee flexion (Knapik et al., 1983; Kulig et al., 1984) . Evidently, w (3) would assume considerably higher values for an ideal cam whose profile reproduced this physiological torque variation. In contrast to w (3) , which is proportional to  u 3 , all the other terms that contribute to w in Eq. (10) are proportional to  u . For this reason, the relative contribution of w (3) to w quickly increases with an increase in joint angular velocity.
The only real limitation of this study stems from the assumption that the joint axis is fixed, and is coincident with the rotational axis of the resistance input lever. Actually, these two axes are never perfectly aligned owing to the limited accuracy of equipment adjustments and to the joint anatomy that always involves small and complex displacements of the joint axis within the ROM. However, the relevant geometric, kinematic, and kinetic effects of such misalignment have been recently and extensively discussed by the author (Biscarini, 2010) .
In conclusion, Eqs. (7), (10), and (11) allow an easy, economical, and reliable measurement of the instantaneous and mean joint power, which is recognized as one of the most important and critical performance parameters. Indeed, selectorized strength-training equipment is widely available and affordable, and is extensively used in strengthening, conditioning, and rehabilitation programs. The measurement procedure requires only a linear encoder for the translating weight stack, or alternatively, the use of an angular encoder for the rotating resistance lever. Numerical simulations of real exercises clearly demonstrate that, to avoid rough approximations in the calculation of joint power, one has to take into account the effects of the cam asymmetry and all the other relevant geometric, kinematic, and dynamic variables of movable equipment elements and of the user's exercising limb. Winter, D.A. (1983 
Appendix A
For the determination of the function y = y(θ), a numerical algorithm was designed and executed repeatedly as the joint angle θ spans within the values corresponding to the joint ROM. At each step the following quantities are subsequently calculated.
Family of Tangents to the Cam
From the system of two equations representing the cam and a straight line
imposing the tangency condition, one obtains an equation relating m and q, namely, f 1 (m, q) = 0, which characterizes the family of all the tangents to the cam.
Family of Tangents to the First Redirectional Pulley
Likewise, from the system of two equations representing the first redirectional pulley and a straight line
imposing the tangency condition, one obtains the equation f 2 (m, q) = 0,which characterizes the family of all the tangents to the pulley.
Equation of the Straight Portion of Cable Connecting the Cam and the First Redirectional Pulley
The solution of the system 
Length of the Cable Wrapped to Cam (l 1 )
This can be handily calculated in the coordinate system with axes (x′ and y′) and origin (C) coinciding with axes and center of the ellipse (Figure 2 ). In this system, l 1 is given by the elliptic integral is the angle between x-axis and PD 2 , and φ 3 is the constant angle between x-axis and PD 3 (Figure 2 ). The position of the detaching point D 3 is determined by the placement of the next-neighbor circular pulley.
Position of the Weight Stack
The y coordinate of a point of the weight stack is y = l 1 (u) + l 2 (u) + l 3 (u) + const.
